We study the free diffusion in two dimensions of active-Brownian swimmers subject to passive fluctuations on the translational motion and to active fluctuations on the rotational one. The Smoluchowski equation is derived from a Langevin-like model of active swimmers, and analytically solved in the long-time regime for arbitrary values of the Péclet number, this allows us to analyze the out-of-equilibrium evolution of the positions distribution of active particles at all time regimes. Explicit expressions for the mean-square displacement and for the kurtosis of the probability distribution function are presented, and the effects of persistence discussed. We show through Brownian dynamics simulations that our prescription for the mean-square displacement gives the exact time dependence at all times. The departure of the probability distribution from a Gaussian, measured by the kurtosis, is also analyzed both analytically and computationally. We find that for Péclet numbers 0.1, the distance from Gaussian increases as ∼ t −2 at short times, while it diminishes as ∼ t −1 in the asymptotic limit.
I. INTRODUCTION
The study of self-propelled (active) particles moving at small scales has received much attention [1] [2] [3] [4] [5] [6] [7] [8] [9] . This is so since phenomena in nature like motion of plankton, viruses and bacteria, have an important role in many biological processes as well as in industrial applications, and more generally, because active particles are suitable elements of analysis in the context on nonequilibrium statistical physics. Moreover, confined matter made by selfpropelled particles has been observed to behave in a very different way compared to matter conformed by passive ones, mainly due to the out-of-equilibrium nature of active systems. For example, it has been observed that active particles, confined in a box with sharp corners, accumulate more at the corners of the container rather than spreading uniformly through the box. This effect originates that the generated pressure on the walls do not be uniform along the container [10] . In contrast, matter conformed by passive particles develop a uniform pressure in the container. It has also been reported that interacting active particles with different sizes and confined in a box, form clusters leaving empty regions inside the box [11] , a very different scenario occurs with passive particles since these particles would spread homogeneously in the container. Thus we notice that the interplay among activity and confinement may provide novel properties to the latter systems, hence the necessity of studying them.
From a technological point of view, the study of active particles is also very relevant. To mention an example, the bioengineering community is constructing self-propelled micromachines [12] [13] [14] inspired by natu- * fjsevilla@fisica.unam.mx † sem@xanum.uam.mx ral swimmers, and with the purpose of making devices able to deliver specialized drugs in precise region inside our body, or to serve as micromachines able to detect, and diagnose diseases [15] [16] [17] . These microrobots, in the same way as the smallest microorganisms, are subject to thermal fluctuations or Brownian motion, which is an important issue to take into account, since thermal fluctuations make the particles to lose their orientation, thus affecting the particles net displacement. Most classical literature considering the effect of loss of orientation due to Brownian motion and activity on the particles diffusion, has used a Langevin approach, since it can be considered as a direct way of finding the particles effective diffusion. Within this approach, isotropic self-propelled bodies subject to thermal forces [5, 18, 19] and anisotropic swimmers [18] have been treated in the absence and presence of external fields [20] [21] [22] [23] . A Smoluchowski approach to study the effective diffusion of active particles in slightly complex environments has also been undertaken. For example, Pedley [24] introduced a continuum model to calculate the probability density function for a diluted suspension of gyrotactic bacteria. Bearon and Pedley [25] studied chemotactic bacteria under shear flow and derived an advection-diffusion equation for cell density. Enculescu and Stark [26] studied the sedimentation of active particles due to gravity and subject to translational and rotational diffusion. Similarly, Pototsky and Stark [27] followed a Smoluchowski approach and analyzed active Brownian particles in twodimensional traps. Saintillan and Shelley [28] used a kinetic theory to study pattern formation of suspensions of self-propelled particles. Self-propelled particles in nature move in general with a time-dependent swimming speed, like microorganisms that tend to relax (rest) for a moment and then to continue swimming [29] . In this work, we assume that particles move with a constant swimming speed, which is a simplified model that has been supported by experimental work [20, 30] and has also been adopted when studying collective behavior [31] . Other more complex scenarios where for example active Brownian particles are subject to external flows, have been reported and solved following a Langevin approach [23] .
In this paper we follow the approach of Smoluchowski and focus on the coarse-grained probability density of finding an active Brownian particle-that diffuses translationally and rotationally in a two-dimensional, unbounded space, and immersed in a steady fluid-at position x at time t without actually knowing its direction of motion. We derive Smoluchowski's equation for such probability density and we solve it analytically.
We are able to use the Fourier analysis to translate the Fokker-Planck equation for active particles, into an infinite set of coupled ordinary differential equations with a hierarchy similar to the infinite BBGKY (BogoliubovBorn-Green-Kirkwood-Yvon) hierarchy that appears in the Boltzmann theory, which in principle can be systematically solved. We close the hierarchy at the second level and explicitly solve the first hierarchy equation, which corresponds to the Smoluchowski equation, and provides the probability density function (p.d.f) we are interested in. We transform back to the coordinate space, and we are able to explicitly find the p.d.f. of an active Brownian particle in the short and long time regimes. The mean square displacement (msd) for a swimmer at short and long times is also found, and classical results for the enhanced diffusion of an active particle are recovered. We also find theoretical results for the kurtosis of the swimmer, hence a discussion concerning the non-Gaussian behavior at intermediate times of an active swimmer p.d.f. is also offered. Finally and with comparison purposes, Brownian dynamics simulations were also performed obtaining an excellent agreement among our theoretical and computational results at short and long times for both, kurtosis and mean-square displacement of the swimmer.
II. THE MODEL
Consider a spherical particle of radius a, immersed in a fluid at fixed temperature T , that self-propels in a two-dimensional domain. The particle is subject to thermal fluctuations (modeled as white noise) in translation and rotation, that is, ξ T (t) and ξ R (t) respectively, where
and D Ω are respectively, the translational and rotational diffusivities constants, with η the viscosity of the fluid.
The particle swimming velocity, U s (t), is written explicitly as U s (t)û(t), where we denote byû(t) = [cos ϕ(t), sin ϕ(t)] (ϕ(t) being the angle between the direction of motion and the horizontal axis) the instantaneous unit vector in the direction of swimming, and U s (t) the instantaneous magnitude of the swimming velocity alongû(t). Each of these quantities may be determined from its own dynamics [32] , and Langevin equations for each may be written. Here we consider the case of a faster dynamics for the swimming speed such that U s (t) = U 0 =const. In this way, the dynamics of this active Brownian particle, subject to passive-translational and active-rotational noise, is determined by its position x(t) and its direction of motionû(t), computed from ϕ(t), that obey the following Langevin equations
In this way, the temporal evolution of the particle's po- 
is the only free, dimensionless parameter of our analysis which coincides with the inverse of the so called Péclet number, which in this case corresponds to the ratio of the advective transport coefficient, U An equation for the one particle probability density P (x, ϕ, t) ≡ δ(x−x(t))δ(ϕ−ϕ(t)) can be derived by differentiating this P (x, ϕ, t) with respect to time, namely
where · denotes the average over translational and rotational noise realizations and ∇ = (∂/∂x, ∂/∂y). By using Novikov's theorem, we obtain the following FokkerPlanck equation for an active Brownian particle We now start to analytically solve Eq. (3). To do so, we apply the Fourier transform to Eq. (3) and we obtain
where
and k = (k x , k y ) denotes the Fourier wave-vector. For U 0 = 0, Eq. (4) has as solution the set of eigenfunctions {e
2 )t e inϕ } with n an integer. Thus we expand P (k, ϕ, t) on this set, expressly
with k = |k|. This expansion allows to separate the effects of translational diffusion contained in the prefactor e −DB k 2 t from the effects of rotational diffusion due to active fluctuations.
The coefficients of the expansion are given by
After substituting Eq. (6) in Eq. (4) and using th orthogonality of the eigenfunctions we get the following set of coupled ordinary differential equations for the n-th coefficient of the expansion p n (k, t), namely
Note that we have introduced the quantities k x ± ik y = ke ±iθ .
Our interest lies on P 0 (x, t) = 2π 0 dϕ P (x, ϕ, t), which is given by the inverse Fourier transform of P 0 (k, t) = e −DB k 2 t p 0 (k, t) as can be checked from Eq. (7). Let us find p 0 by solving Eq. (8) when the initial condition P n (k, 0) = p n (k, 0) = δ n,0 /2π is considered. This initial condition corresponds to the case when the particle departs from the origin in a random direction of motion drawn from a uniform distribution in [0, 2π) and is equivalent to the initial condition P (x, ϕ, 0) = δ (2) (x)/2π, where δ n,m and δ (2) (x) denote, respectively, the Kronecker delta and the delta function.
We first deal with the solution of Eq. (8) for long times. To do so, we consider only the first three Fourier coefficients p n , i.e., those with n = 0, ±1, later on it will be shown that the other coefficients do not contribute in this regime. From Eq. (8) the three first Fourier coefficients satisfy
which after some algebra are combined into a single equation for p 0 , that is
At this stage we argue that in the long time regime we may neglect the second term in the rhs of Eq. (10). This approximation leads to the telegrapher's equation
which is rotationally symmetric in the k-space and therefore, giving rise to rotationally symmetric solutions in spatial coordinates if initial conditions with the same symmetry are chosen. One may check that Eq. (11) has the solution
. Therefore, by using this result one can explicitly write that P 0 (k, t) = e −DB k
with e −DB k 2 t being the translational diffusion propagator. The solution in spatial coordinates, P 0 (x, t), is obtained after taking the inverse Fourier transform of P 0 (k, t), which is given by the convolution of the translational propagator with the probability distribution that retain the effects of active diffusion, i.e.,
where p 0 (x, t) is the inverse Fourier transform of p 0 (k, t) and
is the Gaussian propagator of translational diffusion in two dimensions.
In the asymptotic limit (t → ∞), at which the coherent wave-like behavior related to the second order time derivative in Eq. (11) can be neglected (mainly due to the random dispersion of the particles direction of motion), p 0 (x, t) tends to a Gaussian distribution with diffusion constant
Substitution of this last expression into Eq. (13) and performing the integral, one gets in the long-time regime
from which the classical effective diffusion constant [34] . In the short time regime D Ω t ≪ 1, we approximate p 0 (k, t) ≈ p 0 (k, 0) = (2π) −1 and the p.d.f. in spatial coordinates corresponds to the Gaussian
Though it is a difficult task to obtain from Eq. (13) the explicit dependence on x and t of P 0 , a formula in terms of a series expansion of the operator ∇ 2 applied to G(x, t) can be derived, to say
Note that the last formula can be rewritten in terms of ∂ t instead of ∇ 2 by using that [35] . This undesired feature, results from the wake effect, characteristic of the solution of the two dimensional wave equation [9] . Notwithstanding this and as is shown later on, the mean-square displacement computed from our approximation coincides with the exact one computed from numerical simulations, at all time regimes.
III. MEAN-SQUARE DISPLACEMENT
What are the effects of self-propulsion on the diffusive behavior of the system is a question that has been addressed in several experimental and theoretical studies, and the msd, being a measure of the covered space as a function of time by the random particle, has been of physical relevance in both contexts. Indeed, the msd is obtained in many experimental situations that consider active particles [18, 33, 36] , hence a way of validating existing theoretical approaches. On the other hand, it is known that the diffusion coefficient of active particles depends on the particle density, due mainly to excluded volume effects of the particles. Here we assume an enough diluted system to neglect those effects.
In what follows, an exact analytical expression for the msd will be obtained. From Eq. (11) one can show that in the coordinate space P 0 (x, t) satisfies
If last equation is multiplied by x 2 an integrated over the whole space, we obtain for the msd the equation
whose solution can be easily found, namely
where we have used that (d/dt) x 2 (t) t=0 = 4D B in this case.
The linear dependence on time of the msd, expected in the Gaussian regime, is checked straightforwardly from Eq. (21). In the long-time regime we get
which is a classical result indicating that the effective diffusion of a self-propelled particle is enhanced by its activity [3] . In the opposite limit.
which once again the latter equation shows, the linear behavior with time of the msd.
A. Comparison of the mean-square displacement
In this subsection we compare the results obtained for the msd at short and long times using Eq. (19) with results obtained following our new Fourier approach.
For long times and with the explicit expression for P 0 (x, t) [Eq. (16)], we use the definition of the meansquare displacement, x 2 (t) = d 2 x x 2 P 0 (x, t) to easily recover Eq. (22) . For short times, we expand P 0 (k, t) in powers of k, and we keep only the quadratic terms in k for the reason that will be clear immediately afterwards, we have We now use that
hence, at short times, the msd of the active particle is finally given by
which shows linear and quadratic behavior of the msd. In the limit t → 0, the above equation reduces to Eq. (23). Thus we have arrived to the same results by two distinct methods, namely, one method that obtained the explicit expression for the probability density and used it, and the second method that extracted information from Eq. (19) without solving it. In order to validate our theoretical findings, we have also performed Brownian dynamics simulations. Fig. 3 shows a comparison among our theoretical prediction for any time given by Eq. (21) Fig. 3 indicates that a transition of the msd from a linear to a quadratic behavior is not always the case. For large values of D B the linear behavior over time dominates, whereas for D B smaller than 0.3, a transition starts to occur. The absence of a transition from a linear to a quadratic behavior has also been reported by ten Hagen et al. [18] . They suggest that at short times, the msd of a self-propelled particle is affected by the initial orientation and the mag-nitude of its force propulsion that make that a transition occur or not.
IV. KURTOSIS
Once we have obtained approximately P 0 (x, t) from Eq. (3), we wish to characterize its departure from a Gaussian p.d.f. as a function of time. This quantity has been measured experimentally is systems of Janus particles To this purpose we calculate its kurtosis κ, given explicitly by [37] 
where x T denotes the transpose of the vector x and Σ is the 2 × 2 matrix defined by the average of the dyadic product (x − x ) T · (x − x ). In addition, it can be shown that for circularly symmetric distributions, as the ones considered in the present study, Eq. (27) reduces to
here · r stands for the radial average over the radial probability density distribution, namely · rad = ∞ 0 dr rP (r)(·). The analytical results obtained for the kurtosis will also be compared with those obtained from numerical simulations.
As we can see, Eq. (28) requires the calculation of the fourth moment. After certain algebraic steps (see appendix B), we explicitly find that the fourth moment is given by
The latter analytical expression is used in Fig. 4 to plot the kurtosis, to be precise, the ratio of Eq. (29) to the square of Eq. (21) . In this figure, kurtosis is plotted as a function of the dimensionless time D Ω t for different values of D B (dashed lines), while the corresponding exact results from Brownian dynamics simulations are shown in symbols. Note that for these last ones, 4 ≤ κ ≤ 8.
We observe that the kurtosis shows a clear nonmonotonic behavior for D B 1, namely, it starts to diminish from κ = 8 as time passes, until it reaches a minimum at a time around D −1 Ω that depends on the inverse of the Péclet number D B . This behavior has been observed in experiments with Janus particles in three dimensions [33] and theoretically predicted in one quasione-dimensional channels [38] . In the limit of vanishing translational diffusion, the kurtosis is a monotonic increasing function of time, with κ = 4 as its minimum value [9] . At later times the kurtosis starts to increase reaching the value 8 in the asymptotic limit. This behavior becomes less and less evident as the translational diffusion coefficient surpasses the effective diffusion coefficient that originates in the rotational diffusion, U 2 0 /D Ω . Due to this effect, we note a better agreement between our analytical approximation and our simulation results, as D B is increased. On the other hand, the persistence effects induced by orientational correlations are revealed in the diminishing regime of the kurtosis, as is shown in Fig. 4 for the cases in which D B 1 (see Table I for the values of κ corresponding to the snapshots shown in Fig. 2 ). In this regime the orientational correlations surpass the effects of translational noise hence allowing the particles to move persistently outwardly from the origin and giving rise to circularly-symmetric, ring-like distributions as the one shown in Fig. 2 (second from left) at D Ω t = 0.1 for D B = 0.001. Afterwards, this ringlike distributions turns into a Gaussian distribution as the orientational correlations die out. Notice that the discrepancy between the results given by our analytical approximation and the exact results lies on the wave-like effects given by the second-order-time-derivative term of Eq. (11) which, as shown in [9] , gives 8/3 ≃ 2.6667 as the value for the kurtosis in the vanishing translational diffusion. For D B = 0.001, the minimum of the exact kurtosis is about 4.1352 at t ≈ 0.39D
Ω while from our analytical approximate κ ≈ 3.0184 at t ≈ 0.239D
In the next subsections we find asymptotic expression for the kurtosis for both short and long times that confirm the Gaussianity of the distribution function for these time regimes.
A. Kurtosis at short times In ordet to find κ for t → 0, we expand P 0 (k, t) in a power series in k, use the fact that ω and keep terms only of order k 4 to get
We now use Eq. (B1), that together with Eq. (26), one finally gets for short times that
which means that our derived p.d.f. has a Gaussian behavior at short times. This result has been validated numerically and illustrated in Fig. 4 , where kurtosis is plotted versus time. It clearly can be seen that for short times κ has a value of 8.
B. Kurtosis at long times
In ordet to find κ for t → ∞, we proceed as before, we expand P P 0 (k, t) in power series of k, use that ω
, but now keep all the terms in the series expansion. After applying Eq. (B1) we get that in the long time limit
Finally we use Eq. (22) to get for long times that
which once again, Eq. (33) shows that kurtosis has a Gaussian behavior for long times. This result has also been validated using Brownian dynamics and shown in Fig. 4 , where for long values of the dimensionless time, κ tends again to a value of 8.
V. THE ACTIVE FLUX: THE VELOCITY FIELD V (x, t) OF ACTIVE PARTICLES
The Fourier expansion given by Eq. (6) allows us to obtain the hydrodynamic fields. At the moment we have explicitly calculated P 0 (k, t) that corresponds to the Fourier transform of the density field ρ(x, t). The Fourier transform of the components of the velocity field V (x, t) are related to p ±1 (k, t) in the following way. By definition
and after substitution of Eq. (6) in Eq. (34) we get
where we have used that p −n (k, t) = p * n (−k, t). With these expressions, it is straightforward to verify that Eq. (9a) corresponds to the continuity equation ∂ t ρ + ∇ · V (x, t) = 0. At the long time regime, where only the first three Fourier modes are needed, we have that p 1 (k, t) can be computed from Eq. (12) if we neglect the term that involves p 2 , i.e., from
We now use the explicit expression for p 0 , that is Eq. (12), with p 0 (k, 0) = 1/(2π) to integrate Eq. (36) . After some steps we find that
If we insert the latter into Eqs. (35a)-(35b) we obtain
After inverting the Fourier transform, this pair of expressions can be brought into the form
where the function F (x, t) depends on P 0 , explicitly
(39) Last expression corresponds to a non-Fickian constitutive relation that considers nonlocal effect in space and time. This relation, together with the continuity equation, gives rise to a non-local (in both, space and time) diffusion-like equation.
In a similar way, one can systematically find higher Fourier modes for the probability density function, P (k, ϕ, t), in the wave vector space.
VI. FINAL COMMENTS AND CONCLUSIONS
Though Eq. (21) has been derived from the long time approximation, it does give the correct time dependence at all times as it is shown in Fig. 3 , where our analytical formula (solid lines) is compared against numerical simulations (dashed lines). This fact can be understood directly from Eq. (10), since it can be shown that the inhomogeneous term does not contribute to the mean squared displacement (see appendix A), therefore agreeing with the expression obtained from the telegrapher's Eq. (11) .
We want to point out that though the linear time dependence of the msd, characteristic of normal diffusion, is reached at times D Ω t ∼ 1 (see Fig. 3 ), the Gaussian behavior of the distribution is reached at much later times (see Fig. 4 ), suggesting that at finite times, D Ω t > 1, normal diffusion does strictly corresponds to Gaussian distributions. The kurtosis computed from our approximation shows that it tends asymptotically to Gaussian, κ = 8, as (8 − D Ω t) −1 . In contrast, in the short time regime, the distribution departs from a Gaussian behavior with time as (8 − D Ω t) −2 (see Fig. 5 ). In summary, we have found a method and obtained with it, an analytical solution to the Smoluchowski equation of an active Brownian particle self-propelling with a constant velocity. We used a Fourier approach and exploited the circular symmetry of the distribution function, to obtain an infinite system of coupled ordinary differential equations for the Fourier modes of the probability density. Our formalism showed that in order to have a whole description for the particles diffusion, we only need the first Fourier coefficient, since it was found that higher Fourier modes do not contribute to the mean-square displacement of the particle. With the explicit p.d.f. in hand, we calculated the particle mean-square displacement for both long and short times, recovering classical results of enhanced diffusion due to activity. We also validated these findings by performing Brownian dynamics simulations that showed and excellent agreement among theory and simulations. In addition, we also performed an asymptotic analysis for short and long times, to the forth moment of our p.d.f. This calculation enabled us to have analytical results for the kurtosis. The asymptotic results for this measure were validated with Brownian dynamics simulations that showed that the p.d.f. of an active particle always starts with a Gaussian behavior, and depending on the vale of the ratio D B , it may evolve to a ring-like distribution, but it always returns to a Gaussian distribution for long times. Finally this work shed light on mathematical procedures to solve a Smoluchowski equation for an active Brownian particle.
Future venues for this research, would be to solve analytically a Smoluchowski equation for confined active particles and/or particles interacting among them. The sums can be written in terms of hyperbolic function, and after some algebraic steps Eq. (29) is recovered.
